We essentially extend and improve the classical result of G. H. Hardy and J. E. Littlewood on strong summability of Fourier series. We will present an estimation of the generalized strong mean (H, Φ) as an approximation version of the Totik type generalization of the result of G. H. Hardy, J. E. Littlewood, in case of integrable functions from L Ψ . As a measure of such approximation we will use the function constructed by function Ψ complementary to Φ on the base of definition of the L Ψ points. Some corollary and remarks will also be given. 
Introduction
Let L p (1 ≤ p < ∞) be the class of all 2π-periodic real-valued functions integrable in the Lebesgue sense with p-th power over Q = [−π, π].
A mapping Φ : R → R + is termed an N − f unction if (i) Φ is even and convex, (ii) Φ (u) = 0 iff u = 0, (iii) lim 
Consider the trigonometric Fourier series
and denote by S ν f the partial sums of Sf . Then,
. As a measure of the above deviation we will use the pointwise characteristic (G p,Ψ − points)
where
, constructed by function Ψ complementary to Φ on the base of the following definition of the Gabisonia
and the characteristic (L Ψ − points)
constructed on the base of definition of the Lebesgue points (L p −points) defined as usually by the formula
. These facts were proved as a generalization of the Fejér classical result on the convergence of the (C, 1) -means of Fourier series by G. H. Hardy and J. E. Littlewood in [4, 5] and by O. D. Gabisoniya in [1] , respectively. In case L 1 and convergence almost everywhere the first results on this area were due to J. Marcinkiewicz [11] and A. Zygmund [16] . It is also clear, as it shown L. Gogoladze [3] and W. A. Rodin [13] , that H Φ n f (x) −means, with Φ (u) = exp u−1 also tend to 0 almost everywhere (as n → ∞). The estimates of
was obtained in [9] but in the case f ∈ L 1 the estimates of H Φ n f (x) − means with Φ (u) = u q was obtained in [8, 12] . Finally, the esti-
as approximation version of the Totik type (see [14, 15] ) generalization of the mentioned results of J. Marcinkiewicz and A. Zygmund was obtained in [10] as follows:
Theorem Let Φ, Ψ ∈ ̥ are complementary pair of N − f unctions, such that Ψ(x)/x be non-decreasing and Ψ(x)/x 2 non-increasing, and let p be convex, q be non-negative, continuous, and strictly increasing such that
for n = 0, 1, 2, ., where ̥ = {Φ : Φ is N − f unction with convex or concave left derivative p} .
In this paper we will consider the function f ∈ L Ψ and the quantity H Φ n f (x), but as a measure of approximation of this quantity we will use the function constructed by function Ψ complementary to Φ on the base of definition of the L Ψ points. We note that O. D. Gabisoniya in [2] shows that for
holds at every L p −points x of f . Here we will show that for f ∈ L Ψ the relation
and thus the relation 
Statement of the results

Our main theorem has the following form:
Theorem 1 Let Φ, Ψ ∈ ̥ are complementary pair of N − f unctions, such that Ψ (u) and u 2 are equivalent for small u ≥ 0, Ψ(x)/x be non-decreasing and Ψ(x)/x 2 non-increasing, and let p be convex, q be continuous, and strictly increasing such that
s is non-increasing and series
for n = 0, 1, 2, ...
From this result we can derive the following corollary.
Corollary 1 Let Φ(t) = e |t| − |t| − 1 and Ψ(t) = (1 + |t|) log(1
and thus also
Finally we have also two remarks.
Remark 1 Let Φ(t) = t α and Ψ(t) = t α/(α−1) (α ≥ 2 
Auxiliary result
Here we present the following lemma:
for small u ≥ 0 and n = 0, 1, 2, ...
Proof.
Our inequality follows at once from the following inequalities
Proofs of the results
Proof of Theorem 1
In view of Theorem we have to prove that
for ν = 0, 1, 2, ..., n and sup
Then, for any ǫ > 0 there exists a natural number n ǫ = n ǫ (x) such that M (x) < ǫ √ n ǫ , whence by the assumptions on Ψ and Ψ ′ , convexity of Ψ and the Abel transformation 
and therefore
This relation with the evident estimate
Contrary, if we assume
but it is impossible, whence the conjecture
Hence, by the assumption, Lemma 1 gives Finally, by the definition of the w x f (·) Ψ the desired at the begin estimate follows.
Proof of Corollary 1
At the begin, we note that if Φ(t) = e |t| − |t| − 1, Ψ(t) = (1 + |t|) log(1 + |t|) − |t| , then Ψ(t) t and q (t) = Ψ ′ (t) = log(1 + |t|) increase, series
is convergence,
and q(t) t decrease and Ψ (t) ≤ t 2 for all t ≥ 0 as well Ψ (t) ≫ t 2 for small t ≥ 0. Therefore, by Theorem 1 and its proof, the results follow immediately.
